Commutative idempotent quasigroups with a sharply transitive automorphism group G are described in terms of so-called Room maps of G. Orthogonal Room maps and skew Room maps are used to construct Room squares and skew Room squares. Very general direct and recursive constructions for skew Room maps lead to the existence of skew Room maps of groups of order prime to 30. Also some nonexistence results are proved. 
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Arnold Neumaier [2] 1.2. We refer to a commutative idempotent quasigroup (Q, *) as a ci-quasigroup. Two ci-quasigroups (Q, *) and (Q, **) are orthogonal if and only if the equations x*y = a, x**y = b have at most one solution {x,j}£Q (as unordered pair), for every a,beQ; they are skew orthogonal if and only if, in addition, x = y = z = t is the only possibility to satisfy the equations x*y = z**t, x**y = z*t.
Note that the two quasigroups are never orthogonal if considered simply as quasigroups.
1.3. By row and column permutation and renumbering of elements we may standardize any Room square such that the diagonal cells (i,i) contain the pair /,oo, where oo is a fixed element. If we define two operations * and ** on the set g = {l,...,/•} by x *y = z if and only if x = y = z, or x^y and the pair x,y is in row z, x **y = z if and only if x = y = z, or x^y and the pair x,y is in column z, a simple verification shows that (Q, *) and (Q, **) are a pair of (skew) orthogonal ci-quasigroups if and only if the given square is a standardized (skew) Room square.
Conversely, from (skew) orthogonal ci-quasigroups (Q, *), (Q, **) one may construct a standardized (skew) Room square, defining x, oo is in cell (x, x) for every xeQ, x,y is in cell (x*y,x**y) for every pair x,ysQ,x^y, the other cells are empty.
The proofs are straightforward and thus omitted; see Brack (1963) .
Room maps and sharply transitive ci-quasigroups
A ci-quasigroup (Q, *) is sharply transitive if and only if it possesses a group G of automorphisms, sharply transitive on Q. We describe sharply transitive ciquasigroups within the group G.
2.1. Let G be a finite group. We call a map <p: G->G a Room map if and only if 0) P ( l ) = l . 
rf*) = ,O0-i * * = j > = l (x,yeG) then <p is called skew.
EXAMPLE. The trivial map a with o(x) = 1 for every xeG is a Room map. Suppose fi and p 2 a r e Room maps. If then we say <p x and $? 2 are orthogonal; if, in addition, We remark that G operates on the constructed ci-quasigroup by right multiplication as a sharply transitive group of automorphisms.
If G is abelian and written additively then (8) simplifies to An application of Room maps of groups of even order will be made in a forthcoming paper.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700013422 2.3. Let (Q, *) be a ci-quasigroup, and G a sharply transitive group of automorphisms of (Q, *). Fix aeQ. Define a map <p: G-»G by
Then a va) = a*a = a, whence <p(l) = 1; moreover and therefore ^(JC" 1 ) = f>(x). Finally, Q has an odd number of elements, since the operation ' defined by x' * x = a is an involution fixing only the element a. Now the order of G equals that number and thus is odd. Therefore the map x->x 2 is a permutation of G. Now a? {x)x = (a x * a*" 1 )* = a* * a, and we get {a* {x)x \ x e G) = a°, from where {<p(x)x\xeG} = G follows. Thus <p is a Room map. If we fix an element b = d^QiteG) instead of a, then we get a Room map <p' related to q> by <p'(x) = /^(f" 1 */)*-1 . Therefore, 95 and 55' are equivalent by the automorphism x-+txt~x of G (in the sense of the next section).
Because of * 9 = *, which one verifies easily, we get distinct Room maps from distinct ci-quasigroups.
2.4. We say, G is a sharply transitive group of automorphisms of a standardized Room square, if G is a sharply transitive group of automorphisms of both corresponding ci-quasigroups (Q, *) and [Q, **). (1) and (2) are easily verified; (3) follows from the computation
Call two Room maps equivalent if one is a shift of the other. Two equivalent Room maps lead to isomorphic ci-quasigroups (G, * 9 ) and (G, *y); in fact t is an isomorphism from (G, * f ) to (G, *^). 
is an automorphism of (G, * v and the lemma is proved.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700013422
By a straightforward computation we get the product and inversion rules:
3.3. Now we characterize the group (Mult <p)xG within the group of all automorphisms of (G, * 9 ):
be a group of odd order, and <p a Room map of G. Then the split product (Mult <p)xG is the normalizer ^V(G) of G in the full group of automorphisms of (G, *,,). Moreover, if G is abelian and <p = a is the trivial Room map, then Mult y = AutG, and(AutG)xG is the full group of automorphisms of(G,* v ).
PROOF, (a) We compute easily (t,a)-
and f£^r(G),thatis 
t is in Mult 95, and we have s = t(l,
Thus proceeding for every se^V(G) we arrive at Jf (G)£(Mult9?) x G, and the first part follows.
(c) If p = a then trivially Mult <p = Aut G. It remains to show that, if G is abelian, every automorphism of (G,* ) is in (AutG)xG. We use the additive notation (8a), and obtain u* 9 v = (u+v)/2. Thus any automorphism s of ((/,*,,) satisfies [(x+y)/2Y = (x*+y)/2. Define the permutation tby
= 0 gives (x/2y = x*l2 for every xeG, and (11) simplifies to (x+j)'= that is f is an automorphism of G.
[7]
Transitive commutative idempotent quasigroups 417 I was not able to modify the proof of the last part to include the nonabelian case. Therefore we may ask:
PROBLEM. IS there a group G (necessarily nonabelian) such that the ci-quasigroup constructed from the trivial Room map possesses an automorphism not contained in(AutG)xG? 4. A general lemma for constructing strong room maps 4.1. We begin with a very general construction lemma and then specialize more and more to get more concrete results. 
is a Room map. <p is strong if
REMARKS. (17) is only a convenient sufficient condition for <p to be strong! A set H satisfying (12) exists in every group of odd order: For x^\, put one of x,x~x in H, the other in H~x; we have x^x' 1 since x 2 = 1 implies x = 1.
PROOF (of Lemma 4). Verifications of (1) and (2) The construction of Lemma 4 is very general, since every Room map <p may be constructed in this way: The permutation n, defined by x" = p(x)x~l for all x, and the identity mapping a satisfies (13)- (15) and the condition (18) below for any H with (12). (n is a permutation since <p is a Room map and (2) and (3) hold.)
The value of the construction lies in the freedom of H. If we take for a, 77 workable permutations, for example automorphisms of G, which satisfy (13), (14) and (17), then we may try to find a set H meeting (12) and (15) to obtain a strong Room map.
4.2. To analyze the conditions under which (12) and (15) are soluble, denote by -1 the permutation x^-x~x. Let A be the group generated by a and (-l)a(-1). Then seA if and only if it has a representation £ = u PROOF. The equivalence of (18) and (18a) Therefore (1) and (2) we get from the skew orthogonality in the factor group xG = yG = G, that is x,yeG, and then JC = y = 1 since 9? and <p' are skew orthogonal in G. PROOF. G has odd order, and thus is solvable. Now any minimal normal subgroup H of G is elementary abelian, and has an order prime to 2.3.5. For groups of Fermat prime order ^3 , 5 , Chong (1972) proves the existence of skew strong starters which are equivalent to skew adders for the patterned starter, and by Theorem 9 (Section 8) these groups admit skew Room maps. For the other elementary abelian groups of order prime to 2.3.5, Theorem 4 guarantees the existence of a skew Room map. Thus H admits a skew Room map.
Induction on the order of G (beginning with the trivial group of order 1 where a is a skew Room map) proves the theorem.
We may slightly extend Theorem 7:
[15] PROOF. Suppose G admits a skew Room map. By hypothesis, G/K is cyclic, isomorphic to Z/nZ, say. Therefore a homomorphism from G onto Z/nZ exists, and (28) REMARK. The corollary was proved in terms of skew strong starters (compare with Section 8) in Wallis and Mullin (1973) .
Room maps and starters
8.1. For Room squares with a sharply transitive group of automorphisms another description is available: the starter-approach. Starters are widely used in the literature on Room squares and one-factorizations of complete graphs; see for example Mullin and Nemeth (1969) , Wallis et al. (1972) , Wallis (1973b) , Wallis and Mullin (1973) and Anderson (1974) . We derive a one-to-one correspondence between starters and Room maps.
Let G be a group of odd order. PROOF. Since G has odd order the map x^-x 2 is a permutation; so the ^'s are well denned. By definition of a starter, {t^tj^iel} = G-{1}, and therefore <p x and <p XiA are well defined. The verification of the starter resp. Room map axioms is then straightforward and will be omitted.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700013422 8.2. During preparation of this paper I received a paper of Gross and Leonard (1975) on adders for the patterned starter in nonabelian groups proving some of the results above. They work with left adders for the patterned starter which are related to Room maps by Theorem 9 via the following. By the corollary, Theorem 1 of Gross and Leonard (1975) , together with their Theorem 4 is, if H is abelian, equivalent to the special case of Theorem 6 of this paper, where the pairs of orthogonal Room maps are composed of the trivial map and a strong Room map, each.
By Lemma 9, the existence of right adders is equivalent to the existence of left adders (for the patterned starter only!); in particular Theorem 2 of Gross and Leonard (1975) may be replaced by the 'dual' of Theorem 1, giving an existence criterion for right adders in extensions of abelian groups not depending on the factor system. Theorem 6 of Gross and Leonard (1975) is equivalent to Theorem 7 here.
